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We discuss pointwise convergence for expansions of Laguerre polynomials of
order a < —1. @ 1995 Academic Press, Inc.

1. INTRODUCTION

For a> —1, the Laguerre polynomials {LZ*(x)} are defined by
orthogonality:

_[DO Li(x) L3(x) e “x*dx
0

_Tk+a+1)

k' 51(‘»1’ k,m=0, l,..., (11)

and the condition that L%(x) is a polynomial of degree m with coefficient
of x™ equal to (—1)"/m!.
They are given explicitly by the formula:

Lf‘,,(x)=i I'im+a+1) (—1) x/

-0 F(}+0(+1)j'(m_J)l’ m=0’ 1,.,., (12)

which extends the definition of Laguerre polynomials to all ae C. For a
summary of the elementary properties of the Laguerre polynomials, see
(4]

Denote by “fp.” Hadamard’s finite part of an infinite integral, defined
below. It is known for non-integer o < —1 that [3]:

1
I'k+a+ )5

fp. | L0 L) e de =i 6, L,

k,m=0,1, .. (1.3)
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Thus Laguerre expansions for non-integer « < —1 may be defined by

o

f(x)~ 3 aLi(x) (14)

k=0
where

k!

“= e, T L ey, (LS)

In this paper we prove pointwise convergence of expansions of functions
for which the difference of the function and a suitable polynomial satisfies
a certain integrability condition. A simple example of such a function is
e~ for ¢> —1/2 which 1s known to have the expansion

—ex __ —a-—1 - ¢ / o
e T=(+e) ) <1+c> Ljx)
Jj=0
which converges pointwise for all x e R and all complex «.

Denoting by K%(x, y) the kernel polynomial

m

J!

K;(X,y)=]'§omL,(x)L7(Y) (1.6)
we have
Y acix)=fp. [ S(3) Kilxy)e y dy. (1.7)
k=0

We will show for all non-integer a < —1 that

fpr L K (x,y)e y dy=1 (1.8)
and for all a€ R that
b
lim j Ki(x,y)e "y *dy=1, O<a<x<b<oo. (1.9)

We use (1.3)-(1.9) to prove two theorems about pointwise convergence.
First we show for a < —1/2 that if

1
J, 1F)ly*dy < o0 (1.10)

[T ey sz gy < o (L11)
1
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and for xe (0, o) if
S =fx)
y—x

is locally integrable on (0, c0) as a function of y then

lim | K3, 0000 () ey dy =) (L12)
This theorem enables us to define Laguerre expansions also for a= —1,

—2, ... for certain functions.
Secondly, we show for n=0,1, .., —(n+2)<a < —(n+1) that if there
exists a polynomial P, (x) of degree n such that

1
J, S = Pyl dy < oo, (1.13)

if (1.11) holds, and for x € (0, ), if

) —f(x)
y—Xx

is locally integrable on (0, oc) as a function of y then

tim fp. [ * K206 ) f(y) e dy =/ (). (1.14)

nt — oG

2. GENERALIZED ORTHOGONALITY
DeFINITION 2.1. Let n be a non-negative integer, —(n+2)<a<

—(n+1). Let f(x) be a given function, and suppose there exists a polynomial
P,(x) of degree n so that

F Lf(x) = P(x)] x* dx < o0. 2.1)
0
Then Hadamard’s finite part (fp.) of the integral

fwf(x) x*dx
0
is defined by

1. f £(x) x* dx = f:‘ (f(x) = P, (x)) x*dx. (22)



LAGUERRE POLYNOMIALS EXPANSIONS 335

For more information about this integral see [1].

Note that if f(x),/(x),..,f""(x) are defined on [0,a] for some
a>0, if f7*Y(x)e L((0,a), x"*'**dx) and f(x)eL((a, ); x*dx) then
Hadamard’s integral will be well-defined provided we take as P (x) the n"
Taylor polynomial of f(x) centered at .

THEOREM 2.2[3]. Let a < —1 be non-integral. Then

s 'k 1
fp. j Li(x) L:(x) e *x*dx =——(———+—Oii—25k .

o k! !

k,m=0,1, .. (2.3)
Orthogonality holds in a restricted sense for a = —/, /=1, 2, ... provided

k, m=1 Since for all k=1 [4]:
k —
L x)=(- )’( ) L ()

we have for k, m>1:
[ Ly 200 Ly 0y e T
(1]

_k=1)! (m—l)’j Y

yamee LY (x)e*x'dx

3. ExPANSIONS OF LAGUERRE POLYNOMIALS

Suppose for some nonintegral a < —1 we have

o

f(x)= _Z a;L7(x).

j=0

Then, assuming that the required integrais exist and that we can
interchange summation and integration we have

oC

fpj fx)Lix) e *x*dx=Y a, fp. j L (x) Li(x) e *x* dx
ji=0
Fk+a+1)
k!
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so that

k' x a« —x 0 —
ak=mfp.jo fx)Lix) e *x*dx, k=01,  (31)

In particular, if f{x) is a polynomial then the coefficients of its Laguerre
expansion are given by (3.1).

On the other hand, suppose for a given function f{x) that the integrals
in {3.1) all exist. Denote by S,,(x) the m™ partial sum

S, (x)=Y a,L3(x). (3.2)

j=0

Then

i ]’ x '3 — V4,0 [
S,,,(x)=j;0 (mf.p. fo Sy)Li(y)e™y dy) Li(x)

—fp | SV Kty eyt dy

where for all xe R

m

3 - j' @ o
Km(xyy1~j§0r(1+a+])LJ(X)LJ(J’)
__(ma D) Lrx) Ly, ()= L5 () L5()
I'm+a+1) xX—y
— (m+ 1)' L:1+ l(x) L?n—‘(—ll(y)—L?ndd(y) L?n_-i-ll(x) (3 3)
T I(m4a+1) xX—y S

see [4], p. 266. If f(x) is a polynomial of degree k then
fC)=fp. [ fOKlxy)e vy m=kk+l. (34)
In particular by taking f(x) =1 we obtain
fp. f: Ki(x,p)e ™y dy=1, m=0,1,.. (35)

The situation for a = —1/, I=1, 2, ..., is similar. If

o

[ =Y a;L;~"(x)

J=1
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then formally for k> we have

wa(x) L) e "xlde=Y a, j: Li(x) L (x) e *x ' dx
j=i

Ttk—1+1)
BRI

Furthermore, if

S.(x)=1Y, ajL;."’(x), m=1

j=1

then
Sux)=| SOVK () ey dy,  mzl
0
THEOREM 3.1. Let 0<a<x<b< . Then for all xe R we have

b
lim‘J. K (x,p)e "y dy=1. (3.6)

nm — X

For the proof of Theorem 3.1, we will need the following intermediate
results.

LEmMMA 32[5]). Let [a,b]<(0, ) and fix xe(a b). If R, {x, ),
a<y<b, m=1,2, .., satisfy |R,(x,y)| <C and | £ R,(x,y)| <Cm'? for
some constant C independent of y and m, if R,(x,y) have continuous
derivatives in y, and if R, (x, y) vanish for y = x we have

1 pPR(x,
lim — | Rl ¥) 4 (37)

m-—»oc M xX—=y
LemMMA 3.3 (Fejer’s Formula, [4, p. 198]). For all xe R and x>0

L?n(x) = {12y H2) —(1/4))eX/2x( —(2/2) = (1/4))

(3.8)

« <cos {z(mx)uz 2a41 n} A a(x))

4 m'2

where 8, (x) is uniformly bounded for xe [a, b], 0 <a<b< oo, as m— .
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LemMMA 34. For any fixed a and b, 0 <a < b < w0, there exists a constant
C independent of x and m such that

d
Id-xg’"-“(x) <Cm'7?, as<x<b (3.9)
Proof. Write f,(x)=nr " 2e"?x' =@ =0A) and p_ (x)=cos{2(mx)"*—
Ztlz). Note that f, ,=x""%, and p,, ,= —m'?p,, ., /x"% Differen-
tiating Fejer’s formula we obtain
d
— L=
dx ?PT(X)
0
— mltan) —(1an [f;(x) <Pm, (0 + r:nallgzx)> —fx)
6, (%)
X x_l/—z‘pm.a*-l(x)—' m1/2
0., o(X)
el /2) = (1A (. m. o
=m''V2 fa()‘)<l’m_z(-\')+ ml/z >
_m((a'/2)+(l//4)ya+l(x)pm.al+l(x)
a2) — O, o(X)
+m /2) “/4))fa(x) "
7 (x)>
— ax/2) —(1/4)) g 5 X m, x
m a(Y)(pm.a(\)-'_ m]/z
, , 0, xv1(x
—<Lj;,“(x)—m““’z”“"”’H,(x) .m+l/12( )>

()'In u(x)

ml2

_+_m((a/2)—(l/’4))f‘(x)
Thus since [4]:
d La _ La+l d La La+l a+1
™ mX)=—L7" (x) an m(X)=L3" (x)— L \(x)

we have

L2 (x)=m (%2~ 1y [f;(x) (Pm, (x)+ ., a(x)>

m1/2

+fot+l(x) Hm‘a-#l(x) +f\x(x)

Hin_a(X)]

m2
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Since L% (x)=O(m*® =14 ypiformly in [a,b] and since p,, ,(x),
0, x)and 8, ., (x) are uniformly bounded for all m and xe[a, b], this
proves the lemma.

Proof of Theorem 3.1. Let

(m+1)!

U S a—1
“TFmiasn DT

m

By Stirling’s formula lim,, , . B, =1.
Substituting Fejer’s formula into

(m+ D! Lo, () Lo WO = L5, (p) L4 (x)

Ki(x,y)

=1"(m—i-at+l) X—y
we obtain
X+ N2 xy )~ (@2 = (14D U,(x, )
Ka _ T - ) m+ 1 3
m(xvy) Bm n(x_y) < m+1(r’y)+ (m+1)l/2 >
(3.10)
where
by 2 1 ) Y 20041
T,(x,y)=y"?cos {Z(WX)“— a: ”} sin {Z(my)l"z- O(4 ”}
‘ 2 1 2 1
—x"2 cos {Z(my )2 — i 71} sin {Z(MX)”Z —i}‘ 7‘}

and

. 200+ 1 0, .y
Undx, y) =0, (x) y'? <sm {2(my)”2 ——aT— n} +—~,;1—/]7(—L)>

-6, {y)x'? (sin {2(mx)”2_2a+ { n} +Hm.1fl(—\‘)>

4 m'/?
L 2a+1
+y'20,, . \(y)cos {2(mx)"2 *%L”}

2 1
—x'24,, . _\(x)cos {Z(my)”2 ——9}41——7:} )
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Note that U, (x, y)e 7?2 y!*2 —(U4) qatisfies the conditions of Lemma
3.2, so that

b o2y (—(a/2) = (1/4)
lim f Ki(x,y)e ydy=—"—"——r
m— o0 a

n
< Tim (J,b T,,,(x,)’)e,y/zy((a/z)‘(l/‘t)) dy
m— oo a xX—y
Lt U, ¥) o w2y — ey
+m1/2j-a x—y ey dy

eX/Zx( —(2/2) — (1/4))

V4

b
% lim f Tm(x’y)ef.v/zyuu/z)—(l/mdy.
me—s oc dg xX—y

Let us write

T.(x,y) —cos{2(mx)'? -2} 7} s1n{2(my 12 _2axlg)
X—=y - yl/Z + x
o Sin@m 2 —y 1)

x=y
= Tl,m(x’ )’) + xl/ZTZ‘ m(xa .V)

By the Riemann-Lebesgue lemma,

b
pm f T, wlx, y) e P2yt dy =0,

a

Let ¢(y)=e 22y @D =4 fix §>0 so that (x —4, x+J)<(a, b) and

fix »>0 such that (—», q)c(,/x—é—\/)_c, ./x+5—\/;). Again using

the Riemann-Lebesgue lemma we have

lim [T, (%) 6r)

m— oG

- lim fm Sm(zf\/— ‘/—))¢(y)dy

x—4

Vx+s \/—sm(2\/r;v)
1 20+ 2 di
- [ s o
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. VEFE- V% sin(2 \/m v)
= 1 —_— 2 d
= O\/ -Jx (v+2\/-) ¢((v+ﬁ)) ’

AT
+f \/_sm(2\/r;v)¢(( +f) i)

m — oC

N IV
= lim J"I sm(2\/r;v) ¢( +f)
m— —n

Note that since

lim r sm(Z\/r;v — lim r”ﬁ Sinudu:n
m-—oc Y gy m— oc -2,,\/;; U
we have
in(2
lim [’ M¢((u+ﬁ)2)du—n¢(x)
n — oc —n
hmj sm(2\/_ )¢((U+\/_) d)(x) =0.
Therefore
lim J’ Ty (X, ) @ 22U = () gy, o= /2yl (o/2) = (1),

This completes the proof of the theorem.

THEOREM 3.5. Let a< —1/2. Suppose
1
J 171y dy <o

ro £ ()] eyt + N gy, o o
1

Then for all points x € (0, oc ) for which the function

f)—f(x)
y—x

is locally integrable on (0, o) as a function of y we have

lim [* Ka(x »)/(y) ey dy=1(x)

nt— o0
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Proof. First observe that for any [a, b] = (0, o0) and a <x < b we have

lim sup

ni — oo

| S Kaxpy ey dy—1(x)

- b
=lim sup L f(y)Kf‘"(x,y)e—}'y“dy—f(x)f K (x,y)e y dy
~ lim sup j F()Ka(x, y) ey dy

+ [ SO =100) Kox, y) ey dy

o

+J:O S K (x,y)ye 'y dy

=limsup [, ;+1, .+1, 1|

”m — o

We will show that for any &>0, there exist numbers a and b,
0 <a<b< oo so that

lIm,ll + IIm‘3| <&
uniformly in m. We will also show for any a and b, 0 <a < b < oo, that

lim 7, ,=0.

m— oC

Hence, we will have

lim sup

m— oo

j: S() K%, p) e~y dy —f(x)| <e.

Since ¢ can be chosen arbitrarily small, this will prove the theorem.
We first consider I, ;. For any fixed number w, if 0<x<w, a < —1/2,
we have ([4], p. 178)

Lf‘"(x) — O(m([u/Z]—(lM)])’ m— o,

where the bound is uniform in x. Therefore for 0 < y < a and fixed x > a we
have

Kf‘,,(x, }’) — O(ml —a)(m((a/21-11/4))m((a- 1)/2) = (1/4)

+ mile— 1 )/2)~(l/4)m((a/2)A(1/4))) =0 1)
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uniformly in y. Therefore

| < [ V) Ko yy ey dy=0(1) [ 170l e 'y dy

which can be made arbitrarily small independently of m by taking a
sufficiently small.

Next, we consider /,, ;. For ae R, and for any fixed number ¢>0 and
all x > ¢, we have

Lf,,(x) = O(m((a/zifllr"‘*))) evr/Zx(f(a/Z)“(l/IZ))’ m-— oo,

uniformly in x, see (4], p. 241. Therefore for all y > & and fixed x <b we
have
K:,,(x,))) =O0(m 1—a)(ml(1/2|~1l/4)]m((a71)/2)—(1/4) 1/’},(‘1171)/2)~(1/12)
(5 V2 = () (/) = (1) /24— (2/2) = (1/12))

= 0( 1 ) e,l‘/'2( y1 —{2/2)) +(5/12) _+_yl —(x/2)) —(1/12))’

so that
lIm,B' SL) If(y) Kfn(x’ y)' e*)‘y: dy= 0<1)
x ji If(r) e’-"r’2y<(a/2>+(5/12)) dy.
5 J

Therefore, 7, ; can also be made arbitrarily small independently of m by
taking b sufficiently large.

Finally we consider 1, ,. Let ¢( ) be a locally integrable function. Then
by Fejer’s formula

b
("o Laiyye v ay

= 1220 = (1/4)) <fb¢(y)cos {Z(my)'/2—2a+ 1 n}

4

X @ Y2pUa = AN gy, /ZJ ()0, (y)e " ((1/21711/4n> dy

=o(m((1/2)7(l/4i))’ M — oo
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Therefore, with

sy T =)
x—y

we have

Tz =[SO =10) Kix,p) =97 dy
= 0m' ) [ 4 NLL 100 L5400 = L () L32400) €727
= 0t =) (m= =000 [ 403) L3y ey

b
+m“°‘—”/2)‘“/4’J Sy L%, (y)e >y dy

=0(1), m— 00,

This completes the proof of the theorem.

COROLLARY 3.6. Let o< —1/2. Suppose there exists a polynomial P(x)
such that

1
L Lf(y) =Py y*dy <o (3.15)
and suppose also that
r Lf(p)] e #2pua+ (512 gy < o (3.16)
1

Furthermore, suppose that x € (0, «0) is a point for which

S(y)—f(x)
y—x

(3.17)

is locally integrable on (0, o0) as a function of y. Then f has an expansion
in Laguerre polynomials converging at x to f(x).

Proof. Suppose P(x) is of degree N. There exist constants b,
Jj=0,1,.., N so that for all xe R:

N
P(x)= Y b,L3(x).
j=0
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Let a; be the Laguerre coefficients of f(x) — P(x) defined by

!
ST VPN L ey .

We have

n

y ajL;(x)=J‘: (f()=Py) Ko (x,y) e ?y*dy.

j=0

By Theorem 3.5,

lim [ (£ = P(3) K5(x,p) ey dy = () = PLx)

Thus

m

lim (Z bLX(x)+ Y ajL;‘(x))zf(x).

m— o =0

THEOREM 3.7. Let —(n+2)<a< —(n+1), n=0,1,.. Suppose there
exists a polynomial P, (x) of degree n such that

1
J, V)= Buply dy <o, (318)

and suppose also that
J Lf(p)] e 2y a2+ (512D gy o o (3.19)
1

Then, if x € (0, c0) is a point for which

-/ (3.20)
y—x
is locally integrable on (0, o¢) as a function of y we have
lim fp. [ F(3) Knix y) ey dy = (). (321)

Proof. Let g(x)=f(x)— P,(x). By Theorem 3.5,

lim J‘ gy)YKo(x,y)e Py dy =g(x).

m— x
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On the other hand, for all m = n we have

P =1 Pu(y) Kifxy) €  dy.

Therefore
lim_fp. fo S()YKL(x,p)e "y dy

= lim <fox (f(y)=P(y) K (x,y)e "y dy

+fp. fo P.(y)K(x,y)ey* dy)

=f(x).
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